In this paper, we deal with the independence number of iterated line digraphs of a regular digraph G. We give pertinent lower bounds and give an asymptotic estimation of the ratio of the number of vertices of a largest independent set of the nth iterated line digraph of G.
Introduction, notation
Initially, we were interested in the independence number of the De Bruijn digraphs. In [4] , we have proved that asymptotically, for a given even integer d 2, the number of the vertices of a largest independent set of the
de Bruijn digraph B(d, D) is one half of the number of vertices of B(d, D). It is known that B(d, D) is the (D − 1)th iterated line digraph of B(d, 1).
In our paper, we generalize this result, more precisely, we prove that asymptotically, for a regular digraph G of degree d 2 (even or not), the ratio of the number of vertices of a largest independent set of the nth iterated line digraph L n (G) of G is 1 2 . Some notation and basic definitions are necessary. We consider digraphs G without multiple arcs. We denote by V (G) the vertex set of G and by v(G) its cardinality. We denote by A(G) the set of arcs of G. For an arc (x, y), x is the starting point and y is the ending point. A regular digraph of degree d is a digraph G such that d
For a digraph G, the line digraph L(G) is the digraph whose vertex set is A(G) and whose arcs are the pairs ((x, y), (y, z)) where (x, y) and (y, z) are arcs of G. Clearly, for each arc (x, y) ∈ A(G), we have d
For an integer n 1, the nth iterated line digraph is the digraph defined recursively by
L n (G) is also the digraph whose vertices are the walks of G of length n and whose arcs are the pairs (x 1 . . . x n+1 , y 1 . . . y n+1 ) of walks of length n, with x 2 . . .
It is easy to prove that for any
It is known that a line digraph G has the following property (P):
• for vertices x and y of G, we have either
It was proved that a digraph is a line digraph if and only if it has property (P) (see [3] ). An independent set S of a digraph G is a set of vertices such that there are no arcs between any two distinct elements of S. The independence number of G is the maximum cardinality of the independent sets of G and is denoted by (G).
Results on regular line digraphs
Our first result is:
Proof. Let S be an independent set of H with |S| = s = (H ). If S does not contain vertices with loop, every vertex x of S has its neighbours in V (H )\S. Consequently, there are 2sd arcs between S and V (H )\S. And since |A(H )| = dv(H ), we have 2sd dv(H ), hence (H ) v(H )/2.
Now, suppose that S contains r vertices with loop and let S be the set of these vertices. Then there are 2d(s − r) + (2d − 1)r = 2sd − r arcs having an extremity in S.
Let us consider the sets
) with x ∈ S . We state that for distinct vertices x and y of S , we have N It is easy to see that for a function f ∈ F r (H ), we have
It is clear that if f ∈ F (H ),
the function 1 − f , defined by (1 − f )(x) = 1 − f (x), belongs to F (H ), more precisely f ∈ F r (H ) ⇔ 1 − f ∈ F d−r (H ).
Lower bounds on (L n (G)), asymptotic study
Before we announce the main results, some notation and results are necessary.
Theorem 3.1. For 0 < x < 1, we have
The proof which follows, shorter than our initial proof, was suggested by one of the referees. We begin by: By Stirling formula (see [2] for proofs), we know that
Let us denote For fixed x, 0 < x < 1 and for 0 k m, we denote
It is easy to prove that lim
We have 
The number of vertices
it easy to see that this last equality is true also for k = m − i. Consequently, for 1 i m − 1 we have
In a similar way, one can prove that the result holds for i ∈ {0, m}. 
It is easy to prove that
Similarly one can prove that
Consequently, we have
A cover set of a digraph G is an independent set S of G with no loops and such that any vertex in V (G)\S has at least one neighbour in S. We denote by (G) the maximum cardinality of the cover sets of G.
It is not difficult to prove that for a regular digraph G of degree d 2, A m ∪ B m is a cover set of L 2m (G) (A m and B m are the sets defined in the proof of Theorem 3.5).
As for Theorem 3.6, this implies that
In particular, this disproves a conjecture of Bryant and Fredricksen (see [1] ) stating that, asymptotically, the number of the vertices of a cover set of the binary de Bruijn digraph B(2, D) cannot exceed 4 9 of the total number, 2 D , of vertices of B (2, D) . This conjecture had already been disproved by the author in [4] .
